Introduction
Let H be an (extended) affine Hecke algebra. It contains the Hecke algebra H f of the finite Weyl group W f as a subalgebra. The set of elements of H which are "invariant" under left and right multiplication by H f is called the spherical Hecke algebra H sph . The Satake
W f where X ∨ is the coweight lattice.
In [KL] , Kazhdan and Lusztig constructed a canonical basis of H. This basis is compatible with H sph and Lusztig has shown, [Lu1] , that the Kazhdan-Lusztig elements inside H sph correspond, under the Satake isomorphism, to the Weyl characters of the Langlands dual group G ∨ .
The aim of this note is to give a new proof of this result and extend it to Hecke algebras with unequal parameters. In particular, we show that Lusztig's result remains valid if the parameters depend only on the root length. Our point of departure is Demazure's (as opposed to Weyl's) character formula.
The extended affine Weyl group
Let (∆ f ⊂ X, ∆ ∨ f ⊂ X ∨ ) be a root datum. The set of affine roots is ∆ := ∆ f + Zδ whose elements we regard as affine linear functions on X ∨ with δ being the constant function 1.
For α = α + mδ ∈ ∆ let (2.1) s α (τ ) := τ − α(τ )α ∨ = τ − (α(τ ) + m)α ∨ be the corresponding affine reflection of X ∨ . Let W a and W f be the groups generated by all reflections s α with α ∈ ∆ and α ∈ ∆ f , respectively. For τ ∈ X ∨ let t τ be the translation
The group W a is a subgroup of W . More precisely, W a = W f ⋉ Q ∨ where Q ∨ ⊆ X ∨ is the coroot lattice, i.e., the subgroup generated by ∆ ∨ f . We choose a set Σ f ⊆ ∆ f of simple roots. A root α ∈ ∆ f is called maximal if
Clearly, there is one maximal root for each connected component of the Dynkin diagram. The set
is the set of simple affine roots. The groups W f and W a are Coxeter groups with generators {s α | α ∈ Σ f } and {s α | α ∈ Σ}, respectively.
Let ∆ + f ⊆ ∆ f and ∆ + ⊆ ∆ be the set of positive roots, i.e., those roots which are
There is a natural left action of W on the space of affine linear functions on X ∨ , namely, (α w )(λ) := α(wλ). More precisely, if w = t τ w and α = α + mδ then
Thus, ∆ is stable under W and we define the length of w ∈ W as
Clearly, Ω = {w ∈ W | ℓ(w) = 0} is the stabilizer of ∆ + and therefore a subgroup of W and one can show W = Ω ⋉ W a . We have ℓ(w −1 ) = ℓ(w) and
Very useful is the following explicit formula for τ ∈ X ∨ , w ∈ W f :
where e is the indicator function 
Let H be the extended Hecke algebra associated to the root datum (
and the weights v w . Thus, H is a free L-module with basis {H w | w ∈ W } and relations (3.1)
The last relation implies that H s is invertible and it can be rephrased as
The algebra H contains H f := ⊕ w∈W f LH w as a subalgebra.
For brevity, we write H t τ = H τ for τ ∈ X ∨ . Then equations (3.2) and (2.10) imply
Since every τ ∈ X ∨ is of the form λ − µ with λ, µ ∈ X ∨ + we can define
This way, we get a homomorphism
To explain the commutation relation between the H s and Y τ we need to set up some notation. Let α 0 = −ϑ + δ ∈ Σ \ Σ f . If ϑ does not belong to a subroot system of type C n (with C 1 = A 1 ) then α 0 is W -conjugate to an element of Σ f . Otherwise, there is a unique α ∈ Σ f such that ϑ is conjugate to α. In that case, we call the simple reflection s :
This being said we have according to [Lu2] (3.7)
if it is. Observe, that for non-special s we could simply define v s 0 := v s and then (3.7)
would be a special case of (3.8).
These formulas imply in particular that
In the definition of Φ there is nothing special about the dominant Weyl chamber. For a fixed w ∈ W f we can define
This homomorphism can be expressed in terms of Φ:
Proof: It suffices to prove the formula for ξ = e τ where τ is in the interior of wX
On the other hand, formula (2.9) implies ℓ(t τ ) = ℓ(t τ + ), and therefore ℓ(t τ w) = ℓ(wt τ + ) = ℓ(t τ ) + ℓ(w). Thus we get (3.12) H w Φ(e
3.3. Corollary. The homomorphisms Φ and Φ w coincide on
Then the automorphism extends uniquely to a duality map d : H → H by putting
3.4. Lemma. Let w 0 be the longest element of W f . Then
Proof: We may assume ξ = e τ with τ ∈ X ∨ + . Then
The right spherical submodule
Every right coset in W/W f is of the form t τ W f with a unique τ ∈ X ∨ . It contains a unique element m τ := t τ w τ of minimal length. Explicitly, w τ ∈ W f is minimal with w
This order relation satisfies
and is, in fact, the coarsest order relation with this property.
be the α ∨ -string through τ . Then 
form an L-basis of M. On the other hand, the map
is an isomorphism of L-modules. In particular, we obtain a second basis of M namely the elements Ψ(e τ ) = Y τ θ, τ ∈ X ∨ . 
Observe, that the action of ω ∈ Ω and s α , α ∈ Σ \ Σ f is more complicated.
Proof: Equation (3.11) implies 
and we are done. If α(η) > 0 the same holds except for η ′ = s 1 (η) > η.
To cover special simple reflections, we introduce the root system∆ f ⊆ X which is generated byΣ f := {ε(α)α | α ∈ Σ f } with (4.14) ε(α) := 1 2 if α is special; 1 otherwise.
We recall the Demazure operator (see, e.g., [De] ). For each simple reflection s = s α , α ∈Σ f we define
is called a Demazure character. We parameterize it as follows: for τ ∈ X ∨ let w ∈ W f be such that τ + = w −1 (τ ) ∈ X ∨ + . Then put δ τ := ∆ w (e τ + ). This does not depend on the choice of w.
Now we can be more specific about the coefficients in Lemma 4.3. Let L ++ ⊆ L be a subring without 1 containing all v w , w ∈ W .
4.4. Lemma. Assume v s /v s 0 ∈ L ++ for every special s and let τ , p τ be as above. Then
By (4.10) the operator v s H s , s = s α , α ∈ Σ f can be expressed as
if s is not special and
if s is special. This implies the assertion.
Remark: If we are in the situation
s 0 ∈ L ++ imposes the condition n s 0 ≤ n s where s is special and s 0 is the associated affine reflection.
The spherical Hecke algebra
Every double coset in W f \W/W f is of the form W f t λ W f with a unique λ ∈ X ∨ + . It contains a unique longest element namely n λ := w 0 t λ . Thus we have n λ = m w 0 λ w 0 .
We put (5.1)
Since M = Hθ, we obtain
Then θ 2 = P θ which implies Ψ(ξ 1 ξ 2 ) = P Ψ(ξ 1 )Ψ(ξ 2 ). Hence if P is not a zero divisor, we can define a new multiplication h 1 * h 2 := 
For λ ∈ X ∨ + the elements s λ := δ w 0 (λ) = ∆ w 0 (e λ ) are of particular importance. They
Moreover, s λ is the character of the irreducible representation with highest weight λ for the reductive groupG ∨ with root system∆
Finally, Lemma 4.3 implies that every s µ occurring in r λ has µ < λ.
The Kazhdan-Lusztig basis
The Kazhdan-Lusztig basis of H is defined as follows:
6.1. Theorem. Assume that x ∈ L ++ and x = x implies x = 0. Put H ++ := ⊕ w∈W L ++ H w . Then for every w ∈ W there is at most one H w ∈ H with
For a proof see [KL] or [Soe] . Now we identify some Kazhdan-Lusztig elements H w . In the case of equal parameters all following results are due to Lusztig [Lu1] . 
